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Phase Separation in Ternary Systems Solvent-Polymer 1-
Polymer 2. 3. Homogeneous Double Critical Points

K. Solc* and Y. C. Yang

Michigan Molecular Institute, Midland, Michigan 48640. Received June 2, 1987

ABSTRACT: A number of quantitative relations have been developed for homogeneous double critical points
(HODCP’s) in Flory-Huggins ternary systems solvent—polymer 1-polymer 2 with interactions characterized
by polymer—polymer parameter g, and solvent—polymer parameters g; and g,. Their location in the composition
diagram is restricted to three linear segments, and they can exist only for combinations of g, and Ag (Ag B
&2 — &) limited to double-sector areas of the g,,Ag plane. The lower sectors contain exclusively elliptic HODCP’s
marking disappearance of closed-loop binodals, while the upper sectors are divided between hyperbolic (marking
confluence of two binodal regions) and unstable elliptic types. Sector vertices represent unique systems where
the effect of unequal chain lengths is just balanced by interactions to produce a constant critical temperature,
independent of composition. Conditions for multiple occurrence of HODCP’s and relations for orientation
of spinodals at HODCP’s are derived. Special attention is paid to systems located on hyperbolic boundaries
between elliptic and hyperbolic regions where HODCP’s overlap with heterogeneous double critical points.
A criterion is also given for improving the solvent power in terms of interaction parameter perturbations.

1. Introduction

Homogeneous double critical points (HODCP’s) in
ternary systems mark conspicuous changes in the pattern
of isothermal spinodals and binodals. In one instance
(which might be called elliptic) it is the disappearance
from the phase diagram of loop-shaped binodals that de-
fines closed, usually two-phase regions (sequence T, T,
T\, T, in Figure 1); in the other case (hyperbolic), two
regular growing two-phase regions coalesce into a single
two-phase region without a critical point (sequence T, T,
Ty, T.; in Figure 2). In both instances two real single
critical points of the same kind approach each other with
changing temperature, merge into a HODCP at T, and
become complex (i.e., disappear from the real space).>?

So far the occurrence of HODCP’s has been studied only
for two simple extreme cases: (i) they were detected in
regular ternary solutions whose components differ in in-
teractions but not in molecular volumes;? (ii) it has also
been shown that they cannot exist in quasi-binary solu-
tions whose polymeric components differ but by their chain
lengths.* Thus some degree of disparity in interactions
between the three components seems necessary for their
appearance. On the other hand, the chain-length effect,
although by itself incapable of producing the HODCP’s,

will certainly modify their location in the space of variables
if combined with the difference in interactions. In order
to gain quantitative knowledge about the interplay of these
two factors, the conditions are here examined for the ex-
istence of HODCP’s in general Flory-Huggins ternary
systems solvent (0)-polymer (1)-polymer (2). A prelimi-
nary report on this subject was given in ref 5.

2. Critical State Conditions

The critical state in the examined system is defined by
the following three functions:%8

F.=®%rg)2 - (rg%) =0 (1)

Gcsgz(l_%rzp)‘(l_wﬂ'lM):O 2)
Hag+1+

AErEN[(2/ o) ~ 48] + wir P + Ewyro My = 0 (3)

where ¢; is the volume fraction of the component i, with
¢ being the total volume fraction of the polymeric solute,
@ = ¢ + ¢y P stands for the ratio = ¢/ ¢p; the construct
() denotes the moment

<7'ifj) = w1"1i$_j + wz"zifj

where w,, = ¢,/¢, m = 1, 2, are the volume fractions of

0024-9297/88/2221-0829801.50/0 © 1988 American Chemical Society
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Figure 1. Schematic sketch of several binodals for temperatures
Ty, T,, and T3 around an elliptic homogeneous double critical
point (®) at T, (O) Single critical points; CP;;, binary critical
point for the mixture of components [ and j; (@—@) tie-lines for
the binodal Ts.

N
N
N\,
N
; N
4
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Figure 2. Schematic sketch of several binodals for temperatures

T, Ty, Ty, and T, around a hyperbolic homogeneous double

critical point (@) at T;. Symbol definitions are the same as in

Figure 1, only the tie lines are drawn for parts of binodals T, and
~1e

polymers 1 and 2 in their mixture, £ is the critical ratio
of Flory’s separation factors

EQE lim 0'2/0'1 (4)
and r,, is the relative chain length of the polymer m where
1 £ r, £r;. The mean Flory-Huggins polymer—solvent
interaction parameter is defined as § = (g, + £,)/2, and
P and M stand for the sum and the difference, respectively,
between the polymer—polymer interaction parameter g,
and the difference of the two solvent parameters Ag = g,
- g e, P=g, + Agand M = g, - Ag. All interaction
parameters are in principle functions of temperature, but
they are assumed to be independent of the system com-
position.

3. Homogeneous Double Critical Points

As shown recently by two independent methods,? the
condition for a HODCP is very simple if expressed in terms
of the parameter £% it is required that £ assumes one of
only two values

£ = £p;/py (5)

where p,, = r,,'/% It then follows from the F. function (eq
1) that the position of HODCP’s within the composition
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0

1 ) 2

Figure 3. Linear segments 0, 1, and 2 in the triangle of com-
position, representing loci of homogeneous double critical points
(HODCP) with positive (0) and negative (1, 2) £ of eq 5, re-
spectively. CPSU’ binary critical points; CP,, marks the Scott
composition wy> (eq 12); (—@-) three examples of HODCP’s with
different shapes of critical lines.

triangle is severely restricted: they can be located only on
one of the three linear segments connecting the binary
critical points (see Figure 3). Specifically, for positive £
the critical concentration is given by

@ =(1+ wp; + wypy)? (6)

placing the HODCP on the segment 0 joining the two
solvent-polymer critical points CPy; and CPy, (as also seen
in Figures 1 and 2), whereas for a negative £2 the HODCP
is located on one of the two linear segments, 1 or 2, ori-
ginating in the binary critical point CP,, for the mixture
of the polymers 1 and 2, with the concentration given as

¢ = (1 + jwip; ~ Wopy|)™? (7

This segment notation differs from the one used previ-
ously® but is perhaps more logical: it is tied to the apex
whose region the given segment spans.

A deeper insight into the origins of the HODCP mul-
tiplicity is provided by our recently developed novel ap-
proach to identifying multiple critical points.>® Their
double nature is due to the double-rootiness of the critical
quantity £2 in eq 1. Viewed as a cubic equation for the
unknown £2, this relation can be solved and the resulting
£2 plotted as a surface above the composition triangle ¢,
w. Since a cubic equation can have one or three real
different roots, the £ surface is expected to be quite com-
plicated. Indeed, it has three single-valued apex portions,
each associated with one triangle apex and smoothly
continuing into the common central region where all of
them overlap, forming a three-valued surface (see Figures
5 and 6 of ref 6). It is apparent that double roots of £ can
exist only at the boundaries of the three-valued region
where always two different portions of the surface are fused
together (e.g., surfaces 1 and 2 are joined at the boundary
0), and the tangential planes become vertical. The three
boundaries of the multivalued region for £2 are of course
identical with the linear loci of HODCP’s defined by eq
6 and 7 and displayed in Figure 3. The critical line £2(w,)
of a given system,’ embedded in the ¢ surface, swings at
a HODCP from one surface portion to another; hence its
projection in Figures 1-3 has to contact the corresponding
linear segment from the inside. This behavior is in stark
contrast to that of heterogeneous double critical points
whose multiplicity originates in the cloud-point equation
rather than in the critical formula 1; such points do not
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Figure 4. (®) Spinodals for a system with an elliptic HODCP.,
(0) Points of contact between the spinodal 2 and the lines of
constant ¢; (---).

require double roots of £2 and can be located in principle
anywhere in the composition triangle.?

While the criterion (5) is very simple, without further
analysis it is not too helpful in estimating the phase be-
havior of any particular system characterized in terms of
the interaction parameters g(T), since the relation between
the two via eq 1-3 is not trivial. Below we address this
problem by interpreting the above result in terms of com-
mon physical variables such as interaction parameters,
polymer composition, etc. and by answering a host of in-
teresting practical questions. The first one might be: Can
one predict whether a HODCP will be of elliptic or hy-
perbolic type, so different in their consequences for the
phase behavior?

3.1. Distinction between Elliptic and Hyperbolic
Types. The two types of HODCP’s can be distinguished,
e.g., by their spinodals that follow patterns similar to those
of binodals displayed in Figures 1 and 2. One can utilize
the fact that only in the elliptic case the spinodal uncon-
ditionally changes from real to complex (i.e., disappears
from the real space) when crossing the HODCP temper-
ature, while in the hyperbolic case it changes its pattern
but stays real at least in part of the composition interval.

The spinodal is quadratic in volume fractions ¢, and ¢,
for instance, it can be written as

Ag?+ B+ C=0 (8)

where the coefficients are functions of ¢, and T. Since the
sought distinction has to do with real and complex solu-
tions, the feature to be examined is the behavior around
zero of the discriminant D = B2 - 4AC. It is apparent that
for a chosen temperature, the condition D = 0 fixes the
value{s) of ¢, whereas relative to the variable ¢, of eq 8
it specifies its double root. Physically, D = 0 thus defines
point(s) of contact between the respective spinodal and
line(s) of constant ¢, as shown in Figure 4.

A HODCP is characterized by merging of two such
contact points into a single one, mathematically reflected
by the additional condition (8D/d¢;)r = 0. The function
D(¢y) thus has to display an extremum touching on the D
= 0 axis. Specifically, an elliptic HODCP will be charac-
terized by a maximum since a temperature perturbation
in the right direction has to bring the contact-point
neighborhood of the D{g;) function into a negative half-
plane, making the spinodals complex. On the other hand
the hyperbolic type will correspond to a minimum, leaving
even after perturbation the spinodal real at least in part
of the ¢, interval. The decisive factor thus turns out to
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be the sign of the second composition derivative of the
discriminant, D” = (8°D/d¢,?) 1, with the negative sign
indicating an elliptic type and a positive sign denoting a
hyperbolic type. The general form for D" is rather un-
attractive

D" = 3(Z - 2¢,r1roQ)* - Z% -
4riro[8r18:8, + Q1 — 2r; — ry(2g, - 1))] (9)

where
Z = 2(rygy — 118y ~ rireg,) + rirQ
Q=4g8 - (g +g-8)°

However, this expression (as well as others) can be greatly
simplified when considered separately for each of the three
linear segments where the HODCP’s have to be located.
The triplet of results thus obtained possesses a high degree
of symmetry, allowing them to be expressed in terms of
universal functions whose parameters assume different
meanings for different linear segments, as demonstrated
below.

3.2, Critical Point Diagrams. Critical point diagrams
display ranges of existence of various critical points. They
do not relate to any particular system; rather they are of
global nature, displaying all critical points of the examined
type that can exist in various systems of the given class.
Examples of such diagrams have been reported in ref 9,
Figures 4, 6, and 7, for binary systems with concentra-
tion-dependent parameter g, and in ref 10, Figure 2, for
quaternary quasi-binary systems. Here the concept of
critical diagrams is extended to the HODCP’s in ternary
systems.

HODCP’s have to satisfy four relations, e.g., eq 1-3 and
5; this allows elimination of four out of six (£2,¢,w,,8,A8.8,)
variables, leaving just two of them as independent. Per-
haps the most convenient choice for the latter two are the
variables g, and Ag expressing the deviations from the
quasi-binary reference system.

For a HODCP located on the “solvent” segment 0 (case
0) the relation for w, calculated from eq 2, 5, and 6 is

o = ripeM = (py — p1)(1 + py)
27 p1oa(oM + poP) + (pg - p))?

The requirement that 0 < w, < 1 then imposes bounds
through eq 10 on the definition range of HODCP’s in the
&.,A8 space: they are restricted to two 90° sector-shaped
areas symmetrically positioned about an off-origin vertex
V, as shown in Figure 5. The structure of this graph is
surprisingly simple; e.g., loci of HODCP’s with a given
polymer composition w, (and a given ¢) are linear, with
slopes

(10)

dg./dAg = (Wi + wapg) /(W1py — Wopy) (11)

The iso-w, lines thus fan across the entire double sector,
starting from the bound a with the composition w,, = 0
and angle w, = 45° and ending at the bound b of compo-
sition wy, = 1 and angle w;, = 135°. The line corresponding
to the Scott composition®!!

wyS = py/(p; + py) (12)

is vertical. These statements are summarized on the first
line of Table I.

Analogous relations for HODCP’s situated on the
“polymer” segments 1 and 2 are recovered from the original
segment-0 formulas 10 and 11 by modifying the signs of
one of the p terms as indicated in columns 7 and 8 of Table
I. For instance for a HODCP residing on the linear seg-
ment 1 (case 1), the equations are modified by switching
the sign of p,, with angles of iso-w, lines now varying from



832 Solc and Yang

Macromolecules, Vol. 21, No. 3, 1988

Table I
Some Characteristics of Homogeneous Double Critical Points

definition interval®

transformation rules

case® Wy, W, Wy wy wy® X Y
0 0 w4 1 3x/4 v 1 pa v m
1 w,$ 0 0 w/4 h 4] ~P2 K’ ¥
2 1 Ir/4 wy® ™ h -p1 pa -1 -y

¢ Identifies the segment where the HODCP is located. ®The polymer composition w, and the angle  of the sector bounds a and b. At the

s

Scott composition w,”, v and h stand for vertical and horizontal, respectively.

Ag

Figure 5. Critical point diagram for HODCP’s located on the
solvent segment 0 for a system with r; = 2, rp = 5. (—) Straight
lines of constant composition w, incremented by 0.1, with an
additional vertical for wy = w,S; 0 and 1 stand for compositions
at the interval bounds. (-) Circular loci of constant g (here
distorted into ellipses) incremented by 0.1, with some g values
indicated. V,, sector vertex; s,, hyperbolic boundary between
hyperbolic (H) and elliptic (E) regions, with dashed line indicating
its physically insignificant branch.

zero for Scott composition to 45° for wy = 0 (Figure 6). On
the other hand, the segment-2 HODCP’s are characterized
by lines spreading from 135° for w, = 1 to 180° for Scott’s
line and by relations for w, and the slope obtained from
eq 10 and 11 by changing the sign of p, (Figure 7). Note
that the transformation rules for p,, are also applicable to
relations for £2 and ¢, eq 5 and 6, where they switch the
sign and produce eq 7, respectively,

At the vertex V the composition w, should be undefined,
hence the vertex coordinates Ag' and g, can be determined
by putting both the numerator and denominator of eq 10
equal to zero. The result is best written in terms of
quantities X and Y

Ag' = -2Y(1 + X) gy =2Y? (13)

whose definitions for various cases are given in the last two
columns of Table 1. For instance for the case 0 (Figure
5), X =vand Y = p where

v = (ﬁz + Pl)/2P1P2 B = (Pz - P1)/29192 (14)

for the case 1 (Figure 6), X = pand Y = v, etc. From eq
14 it is apparent that, again, the transformation rules for
X and Y are consistent with the rules for p; and ps.

The mean value of the solvent interaction parameter g
required for the appearance of a HODCP is now given from
eq 3 simply as

[Ag - 28T
=47+ @ -g)+ —Agv] (15a)
[g; — 8z )
where its vertex value is
g=[Y+1+X)?/2 (15h)

ag 2
Figure 6. Critical point diagram for HODCP’s located on the

segment 1. The system and the notation are the same as in Figure
5 except for the increments in iso-g lines (++) that are 0.4.

&g

Figure 7. Critical point diagram for HODCP’s located on the
segment 2. The system and notation are the same as in Figure
6.

The vertex of each sector-shaped definition range thus
turns out to be an important point: in relative coordinates
referred to it, gt = g — g*, the mean solvent interaction
parameter @' at a HODCP becomes a universal function
of “relative heterointeractions”

4z'g. = g1 + (Ag")? (15¢)

independent of chain lengths r, and r,, as well as inde-
pendent of which linear segment the HODCP occupies.
(Both of these factors, however, do affect the position of
the vertices as apparent from Figures 5-7, and eq 13 and
15b.)

Equation 15¢ reveals that lines of constant g' are in-
complete circles of the radius

R = |28

whose centers in Figures 5-7 are projected above or below

(16a)
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Figure 8. Three-dimensional view of the locus of HODCP’s (i.e.,
the g surface) for case 0, in the space of absolute interaction
parameters g,, Ag, and g for a system with r; = 2, r, = 5. (mm)
Bounds of the surface; (—) circular lines of constant g with in-
crements of 0.05. In the base-plane projection these lines are
marked (—) and (-), respectively.

the corresponding sector vertex in such a way that each
circle, if completed, would pass through it. The relative
coordinates of the circle centers are

Agc'r =0 gxc‘t = 251' (16b)

In three-dimensional space g,,Ag,Z the locus of HODCP’s
is a section of a deformed double-conical surface, such as
displayed for the case 0 in Figure 8. Interestingly, thanks
to the universality of eq 15¢ and complementarity of an-
gular definition ranges w (cf. Table I), the combined plot
for all three cases of the gt surface in relative coordinates
would generate a smooth deformed double half-cone; in
absolute coordinates, however, this surface splits into three
separate, mutually shifted sections of 90° for case 0 (Figure
8) and 45° for cases 1 and 2.

Also the unwieldy eq 9 for D" can be considerably sim-
plified when examined for a specific linear segment; e.g.,
for the case 0 the condition for the boundaries between
elliptic and hyperbolic HODCP’s takes the form

YAg+ (X +1
[YAg + ( )g"]{gx[gx—2(Y"‘ + X2+

8x ~ 2Y?

X)) - Aglag +2Y(1 + 2X)])} = 0 (17)

In each of the three cases, this expression generates alto-
gether three boundaries with D” = 0 and one singular line
where D" -» =, Fortunately most of these curves turn
out to be unimportant (except for contributing to the
change of sign) since they lie outside the HODCP’s defi-
nition interval.

The simplest zero boundary is the one given by the
numerator of the fraction in eq 17 being equal to zero; it
is a straight line with the slope

&:/08 =-Y/(X +1)=g7/Ag" (18)

passing through the origin and through the vertex, thus
obviously never entering any of the sector regions proper
(not indicated in Figures 5-7).

The second and third zero boundaries can be recovered
by solving the quadratic equation in the braces of eq 17;
they turn out to be two branches of a hyperbola with a
center at g1 Agh where

Agh = -Y(1 + 2X) gr=Y + X1+ X) (19a)

The boundary condition becomes simpler when expressed

D" = -Bpi's;
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in coordinates relative to the hyperbola center, g* & g -
gh it is then
H=gX - A - (g -Ag) =0 (19b)

however, in contrast to eq 15c¢, it contains an absolute term
sensitive to p, and affecting the eccentricity of the
boundary. The hyperbola’s focal axis is vertical for case
0 (where |g," > JAg")) and horizontal for cases 1 and 2
(where |Agh > |g.)), and the slopes of asymptotes in all
cases are +1 (cf. Figures 5-7).

It is apparent from comparison of eq 13 and 19a that
the centers of hyperbolic boundaries do not coincide with
vertices of sector-shaped definition ranges for HODCP’s,
while the £45° asymptotes stay parallel to the w, =1 and
w, = 0 sector bounds. This relative displacement results
in one branch of each hyperbola always staying outside the
definition range for the respective HODCP’s. For instance,
in case 0 only the upper branch s, is physically meaningful
(drawn in full), while the lower branch passing through the
origin and the sector vertex is unimportant (dashed in
Figure 5). In the remaining instances (Figures 6 and 7)
the conditions are even more restrictive since the sectors
spread only over 45°: In case 1 less than the upper right
quarter of the hyperbola is significant, whereas in case 2
it is less than the upper left quarter. Both curves s; and
sy end in the common point on the Scott-composition
horizontal line, specifically at the half-point S between the
two vertices, with the coordinates g,5 = 2,2 and Ag® = —2u»,
which satisfy the condition for a Scott system, (g,/Ag)g
= -y/u (see Ref. 6, eq 29). In both cases the origin is
located on the extended portions of the above mentioned
curves, whereas the vertex V lies on the other, physically
insignificant, branch of the hyperbolas (dashed in Figures
6 and 7).

A very interesting property of the boundary s becomes
apparent from two other symmetrical forms of its criterion
which can be derived from eq 19b, namely,

r1¢1M -1=0 and r2<p2P -1=0 (20)

In view of eq 6a—6c¢, ref 2, these relations imply that all
elements of the Gibbs spinodal matrix here become zero,
and a check of Korteweg’s criterion for double heteroge-
neous critical points (cf. eq 7 of ref 2) reveals that it is
trivially satisfied. Thus the boundary s represents a unique
situation where homogeneous and heterogeneous double
critical points overlap. Moreover, since it is known that
heterogeneous double critical points normally stand be-
tween (meta)stable and unstable critical points,! one can
conclude that the thermodynamic stability of the separated
hyperbolic and elliptic HODCP’s has to be different.
Finally, the last line along which D’ switches its sign
(and diverges) is the horizontal g, = 2Y? passing through
the sector vertex (cf. the denominator of eq 17).
Summarizing the above, there is an odd number of
boundaries (specifically three) passing through each vertex
and causing a change in polarity of D”, but never entering
the interior of the sectors; the net effect thus should be
a switch in polarity when crossing the vertex from one
sector into another. A fast way to determine the signs of
D" 1is to check the limiting behavior of eq 17. For instance,
for case 0 the limit of D" for g, — £ is negative, implying
elliptic behavior in the lower sector and in the upper
portion of the upper sector, with a hyperbolic region in
between (cf. Figure 5). In the case 1 limit, say, for Ag —
-» and g, — —«, with |Ag| > |g,], each of the four factors
of eq 17 becomes negative (i.e., the numerator and de-
nominator of the fraction, the criterion # of eq 19b, and
the multiplier p, because of the transformation rules),
leaving the overall sign of D” again negative and the as-
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signment elliptic. Note that it would be erroneous to view
the sign of the boundary function # alone as the deter-
mining factor; in the above two examples it is positive and
negative, respectively, yet in both cases it leads to the same
elliptic type.

The same general pattern thus results for all three cases:
(meta)stable elliptic behavior in the lower sector, switching
to the (meta)stable hyperbolic one as the vertex is crossed
into the upper sector, with one more elliptic region, this
time, however, unstable, beyond the # = 0 boundary.
Note that while the width of the hyperbolic region does
not converge to zero for |Ag] — « (since the sector vertices
are different from hyperbola centers), its relative impor-
tance becomes negligible since the width of the neighboring
unstable elliptic region grows without limits. The above
assignments have been confirmed by numerical calcula-
tions.

4. Discussion

As demonstrated earlier, a HODCP has to be located on
one of the three linear segments stretching in the triangular
composition diagram between the three binary critical
points (Figure 3). In addition to this compositional re-
striction, also the interaction parameters Ag and g, are
required to be within certain range of values (Table I), and
the mean solvent interaction parameter g has to assume
the value fixed by eq 15.

Specifically, a HODCP located on segment 0 (Figure 5)
requires that

lg, — 2u? > |Ag + 2u(l + )| (21)

where u and » are defined by eq 14. A hyperbolic HODCP
is produced if also

g.18, — 2(® + 2 + )] < Ag[Ag + 2u(1 + 2)]
and
g, > 2u* (22)
while in the remaining instances the HODCP is of elliptic

type, either stable (if g, < 2u? or unstable.
For HODCP’s case 1 (Figure 6) it is demanded that

lg, — 207 < |Ag + 2v(1 + )| (23)

with the additional condition of both arguments in eq 23
having the same sign. Hyperbolic types result if also

g[8, — 2% + u? + u)] > AglAg + 2v(1 + 2u)]

and
Ag > -20(1 + p) (24)

otherwise, the HODCP is of elliptic type, stable (if g, <
2»?) or unstable. For the case 2 (Figure 7) not only the
signs of u and » in eq 23 and 24 are switched (cf. Table I)
but also the orientation of the definition range changes.
In the criterion

lg. - 2% < |Ag - 2v(1 - W) (25)

the two arguments are now required to be of opposite sign,
and the additional condition for hyperbolic types becomes

808 — 202 + p? - w)] > AglAg - 2v(1 - 2u)]
where
Ag < 20(1 - p) (26)

The stability criterion for elliptic HODCP’s stays the same
as in case 1.

4.1. Vertex Systems and Their Neighborhood. The
exclusive status of each vertex V as the origin of relative
interaction coordinates g* permitting the construction of
a universal function for the mean solvent interaction pa-
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rameter gt at a HODCP (cf. eq 15c¢) is also reflected in a
unique physical behavior of such mixtures. Although at
g, = g, the parameter g in general diverges, at the vertex
the ill-behaving last term of eq 15a becomes of 0/0 inde-
terminate type with a zero limit in all but one direction;
thus g is well defined there (eq 15b). The positional in-
determinacy of the HODCP whose w, also becomes of 0/0
type may seem to be disturbing at first sight (cf. eq 10).
Yet, the situation is physically sound: each vertex repre-
sents a very special system whose critical line T'(w,) (or one
of its portions) is horizontal, running linearly between the
two respective binary critical points.

Analogous behavior obviously occurs in a degenerate
ternary system with two polymeric components identical
in terms of both chemical nature and chain length. In fact,
this trivial instance turns out to be one of a continuous
spectrum of possible vertex-0 systems: note that for r; =
ro one has u = 0 (cf. eq 14), with the vertex V, indeed
located at the origin g, = Ag = 0 (cf. eq 13). Similarly, the
vertex systems for the cases 1 and 2 can be related to a
common even more trivial “proto-system” of a “solution
of monomers”, r; = r, = 1. Thus it may be concluded that
each vertex V, represents a delicately balanced system
where the effect of unequal chain lengths r; and r; on the
critical temperature is just neutralized by combination of
the interaction parameter g; and the difference g;, — g
such as to keep the critical temperature independent of
the relative amounts of components i and j in the mixture.
It is quite remarkable that such a balancing act is possible
over the entire composition range; the existence of such
systems could hardly have been anticipated.

Some simple results predicted by our analysis can be
rationalized by common-sense arguments. Readily un-
derstandable, for instance, are changes caused by simple
perturbations of the above alluded to degenerate system
with r; = ry; Changing Ag while keeping g, = 0 (left-right
displacement from the vertex in the diagram analogous to
that of Figure 5) should result in a difference in critical
temperatures of polymers 1 and 2 with the solvent, leading
to a critical line which is primarily sloped but otherwise
linear, i.e., with no HODCP. On the other hand, changing
only the polymer—polymer interaction g, has to yield a
critical line whose two ends stay fixed at the same tem-
perature (since Ag = 0) but which develops an extremum
(i.e., a HODCP) because of attractions or repulsions be-
tween the unlike polymer segments. Hence, this vertical
perturbation has to take the system into the HODCP
definition range—as indeed confirmed by quantitative
analysis. Similarly, one can justify the shift of the vertex
into negative Ag range with growing difference between
r; and r; purely by binary considerations where for the
critical state with solvent, ry > r; clearly implies that g,
< gy, e, Ag <O0.

Elaborating on the above example with an extremum,
one could even make a case for the assignment of hyper-
bolic and elliptic types to the positive- and negative-g,
neighborhood of the vertex, respectively: For instance, a
positive 6g,, expressing an increase in repulsive interactions
between polymers 1 and 2, reduces the number of 1-2
contacts and increases all others, thereby improving the
solubility of polymers 1 and 2 in the solvent 0. Thus the
observed pattern should be a one-phase stable region at
middle compositions wy (where the 1-2 contacts are most
frequent), separating two two-phase (or critical) regions
attached to the binary sides 0-1 and 0-2, i.e., a behavior
typical of hyperbolic HODCP’s (cf. Figure 2).

While it is gratifying that one can qualitatively antici-
pate the outcome in the above simple examples, it is ev-
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Figure 9. Bird’s-eye view of the combined plot of Figures 5-7
displaying the overlap of the three HODCP surfaces around the
sector vertices Vj, Vl, and V,. Visibility is indicated by full-dashed
pattern of curves of intersection and linear bounds of definition
ranges and by the characteristic hatching of the top surface. ()
Boundaries s; between hyperbolic and elliptic regions, all on visible
portions of surfaces; T, system with three HODCP’s; O, origin.

ident that with macroscopic perturbations involving more
than one independent variable the situation becomes too
complicated for an intuitive insight, and one has to rely
on the results of quantitative analysis. For instance, quite
unexpected is the existence of the unstable elliptic region
in the positive-g, half-plane beyond the boundary s (Fig-
ures 5-7).

4.2. Multiple Occurrence of HODCP’s in a System.
The definition ranges displayed for the three cases sepa-
rately in Figures 5-7 in fact partly overlap for g, > 2/° as
shown in Figure 9. The pattern of this overlap stays
always the same, independent of chain lengths r,;:

(i) Because of the symmetrical bounds, the sectors 1 and
2 overlap in an isosceles triangle V;V, WV, where the co-
ordinates of W are g, = 2v(v + 1), Ag = —2uv, placing this
point on the hyperbolic boundary of sector 0.

(ii) The relative positions of vertices V, are always as
depicted in Figure 9, satisfying the inequalities 0 < g, '

S5 80 S By’ = 80 S %2 < Agy S Mgy’ <05 AgyY

< 2. These and other facts guarantee overlaps of the sector
0 with sectors 1 and 2 in the form of two semiinfinite strips
running diagonally up left and right (dashed lines in Figure
9), with the cut-away corner Z;VyZ,Z, and with the widths
determined by the point W. On the other hand, the ex-
tensions of these strips in the opposite directions below

the horizontal V,;V, and below the lines V,Z; and V,Z,,
respectively, are entirely “empty”, representing parameter
combinations that cannot ever produce a HODCP. Typ-
ically the origin, g, = Ag = 0, is located in the right empty
region; only for a symmetrical system with r; = r, the origin
overlaps with the vertex V.

(iii) Triple overlap occurs in the pentagonal region

Physical significance of the overlap regions is in their
signaling potential multiple occurrence of HODCP’s. For
a given system its interaction parameters are well-defined
functions of temperature. This dependence can be plotted
as a parametric curve in the g,,Ag,Z space, with tempera-
ture as the parameter; obviously such a curve—which
might be called the system’s trajectory in the space of
interaction parameters—passes successively through all
possible combinations of interaction parameters the given
system can experience at various temperatures. If the
interaction trajectory intersects a HODCP surface, the
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Figure 10. Three-dimensional view of surfaces 1 and 2 and their
line of intersection (dashed). Notation is the same as in Figure
8, only the lines of constant g are incremented by 0.2.

system will show at the respective temperature a double
critical point. It is evident that a trajectory that happens
to be in the proximity of an overlap region has a good
chance to pass through more than one HODCP surface,
with the corresponding system exhibiting at different
temperatures two or more HODCP’s located on two or
more different segments.

In fact, some of the points in the overlap region share
also the third coordinate—g—giving rise to lines of in-
tersection of two surfaces that represent loci of systems
possessing two HODCP’s at the same temperature.
Equations of such curves are obtained by putting equal
to each other @’s of eq 15a for two different cases (surfaces).
Thanks to the symmetry, particularly simple is the in-
tersection of surfaces 1 and 2 that projects into the g,,Ag
base as a straight line,

8:./88 =-v/u (27)

passing through the origin and through the common

boundary point S (ST and its continuation in Figure 9).
Since the slope is negative and its absolute value, v/y, is
always greater than that of the boundary s, at the point
S, v/(u + 1* - u?), the line of intersection remains contained
in the hyperbolic portions of both surfaces 1 and 2.
Consequently, both of the simultaneously appearing
HODCP’s have to be of hyperbolic (meta)stable type; no
elliptic type is allowed. A three-dimensional view of the
intersecting surfaces 1 and 2 is shown in Figure 10.

The intersections of the surface 0 with surfaces 1 and
2 project into the g,,Ag base as hyperbolas whose focal axes
deviate from the vertical by an angle of £!/, arctan [(1 +
2)71]; their equation is

2Ag% - (2 + 2)g,? + 24888, + 4uv(l + 2)Ag +
2z £ 2ur + (z + 2)(u2 + »)]g, = 0 (28)

with the top signs and z = v + u characterizing the surface
1 intersection and the bottom signs and z = v — u standing
for the surface 2 intersection. The lower physically un-
important branches of both hyperbolas pass through the
origin and through the vertex 0 (not shown in Figure 9)
but never enter the definition ranges of their surfaces. The
upper branches, on the other hand, pass through the
vertices of their respective surfaces with zero (horizontal)
slope dg,/dAg, and are in part physically significant (bold
in Figure 9). An analysis of their asymptotes shows that,
just as before in the 1 X 2 case, the lines stay within hy-
perbolic regions of the involved surfaces. Thus, no elliptic



836 Solc and Yang

Figure 11. System with three hyperbolic HODCP’s (®) and three
linear spinodals at T (for r; = 2 and r, = 5, eq 29 defines g, =
1.1193, Ag = —0.2520, and § = 1.5293). Spinodals for T; and T,
have been obtained with g = 1.42 and g = 1.63, respectively, while
keeping g, and Ag unchanged. Single critical points: (O)
(meta)stable; (A) unstable.

HODCP can ever coexist at the same temperature with
another HODCP.

The three lines of intersection cross at the point T
common to all three surfaces, physically corresponding to
the only combination of interaction parameters that leads
to the simultaneous occurrence of three HODCP’s at the
same temperature. It is given by the relations

Ag = —2uvr E=v(y+ 1 (29)

where 7 = 1 + [p1p5/(1 + p; + py)] is a factor greater than
one specifying the distance between the origin and point

T in the base-plane projection, —O_T, relative to that between

the origin and the point S, OS (cf. Figure 9). It can be
proven that the point T is always physically significant (i.e.,
it stays within the definition range of all three surfaces).
In a system with interaction parameters given by eq 29,
the six spinodal branches degenerate into three straight
lines parallel to the composition triangle sides with
equations

g, = 27

P ..
% (1 + p) (1 + py) @ (1 + p)py + po) (30)
I SR
22T 1+ p)loy + p2)

The three hyperbolic HODCP’s are located at the inter-
sections of the three spinodal lines (see Figure 11). For
the mixture of monomers, r; = ry = 1, eq 30 yields the
known symmetrical result ¢, = ¢; = ¢ = 1/,2

The three-dimensional aspect of the overlapping region
is emphasized in the bird’s-eye view of Figure 3 where the
visibility of the bold intersection lines is indicated by the
full/dashed pattern, and the top surface (with maximal
g) is identified by its characteristic hatching. Thus, e.g.,
at the point W the mean solvent parameters of the three
surfaces follow the sequence (g)q > (&), > (§),, at U; it is
@)z > (8)o > (&), and at U, one finds (@), > (@) > (&)2
It should be noted that a large part of the visible top
surfaces in the upper portion of the graph is thermody-
namically not stable; in geographical terms this includes
surface O north of s, surface 1 southeast of s;, and surface
2 southwest of s,.

4.3. Behavior in the Proximity of a (Meta)stable
HODCP Surface. The sequence of events occurring
around the HODCP temperature (Figures 1 and 2) is
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caused by the representative point moving on the system’s
trajectory in the 3-D space of interaction parameters and
crossing the HODCP surface. An interesting question is,
can one tie the polarity of the outcome to the direction of
crossing? For instance, under normal circumstances (i.e.,
in the stable region) one might intuitively expect the space
above the g surface to be associated with a solvent power
inferior to that of the space below the surface. If so, an
“upward” crossing should lead to the formation of real
closed-loop binodals and spinodals for an elliptic HODCP
(sequence Ty, Ty, Ty, T3 in Figure 1) and to the disap-
pearance of real critical points in the case of a hyperbolic
HODCP (sequence Ty, Ty, Ty, T_; in Figure 2). Conse-
quently, the pairs of real critical points arising by splitting
of a HODCP should exist only above the surface in elliptic
regions but below the surface in the hyperbolic portions.
Specifically for a system with a trajectory intersecting the
HODCP surface vertically (3g, = 6Ag = 0) this would imply
that an elliptic HODCP should be associated with a min-
imum of the critical line Z(w,), while a hyperbolic type
should be situated at its maximum.

The above statements can be proven correct by exam-
ining the second derivative of the critical line, §” = d%g/
dw,?, for such a system. In order to reduce the number
of independent variables, ¢ can be expressed explicitly
from the G, function, eq 2, and substituted into eq 1 and
3. Thus modified function F, then directly yields the total
derivative d£?/dw, at a HODCP, characterizing how fast
the critical line £(w,) embedded within the £? surface
swings from one of its portions across the “weld” onto
another portion. The result can be simplified in terms of
previously introduced quantities as

g

(31)

where 2 is the denominator of eq 10, and # is the
boundary function of eq 19b. Four points related to eq
31 are worth mentioning: (i) At a vertex (D = 0) this
derivative becomes zero, consistently with our above in-
terpretation of the vertex systems. (ii) At the hyperbol-
ic/elliptic boundary s (# = 0) the derivative diverges,
implying a critical line £(w,) that crosses the “weld”
perpendicularly and forms in the composition-triangle
projection a cusp touching the linear segment (like the
HODCP located on segment 0 in Figure 3). (iii) For
HODCP’s residing on the solvent segment 0 the derivative
31 is negative for elliptic types and positive for hyperbolic
ones. For HODCP’s located on polymer segments 1 or 2
the sign assignments are reversed. (iv) Equation 31 and
the statements (i)—(iii) are not limited by the condition &g,
= §Ag = 0 but they are generally valid.

With the aid of eq 31, the above sought second derivative
g’ for a system with invariant g, and Ag can now be ob-
tained from the function H, (eq 3). For the case 0O the

result is
wiry + wer
= : 2) (32)

wiper + Wapy

§"= D (1
4(P1P2)7(gxf)27‘[

For cases 1 and 2 the signs of p are modified as usual (cf.
Table I). The term in parenthesis is always positive,
leaving just # and p,, to possibly affect the sign of §”.
Detailed consideration of signs of these two quantities for
various instances indeed confirms that the statement
formulated above is correct: e.g., a hyperbolic HODCP on
segment 1 (p; > 0, p; < 0, # > 0) is characterized by 3"
< 0, with the critical line Z(w,) displaying a maximum.
For a general system with other than a vertical trajectory
the criterion can be derived from the Z-surface equation
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Table I1
Signs of Interaction Parameter Perturbations Improving
the Solvent Power at Various HODCP’s

case® Wy 1-6» ¢ &g g, oAg
0 <w,S + + - + +
0 >w,S + - - + -
1 <w,® - + - - +
2 >w,S - - - - -

2Gee Table I. ?The signs of coefficients in relation 33b.

(15a), in the form of a universal function of the vertex-
related quantity

8 = Ag'/g. = (wip; — wapy) / (wipy + wopy) (33a)

where the transcription in terms of p,,’s holds again for case
0 and is subject to transformation for cases 1 and 2 (cf.
Table I). For instance, all perturbations of a HODCP
system such that

82 > [(1 - 92)0g, + 296Ag] /4 (33b)

will shift the system above the HODCP surface where the
solvent power for the polymer mixture is diminished, with
all the consequences following (development of closed-loop
binodals around elliptic types, etc.). Conversely, interac-
tion parameter variations that do not satisfy relation 33b
place the system’s representative point below the 7 surface
where the solubility is improved. As might have been
anticipated, the outcome does not depend only on the sign
of 5g alone, but also on §Ag and ég..

Besides providing a quantitative criterion, eq 33b offers
some qualitative guidance. For instance, for a HODCP
located on the solvent segment 0 at wy, > w,’ (where -1 <
§ < 0), the solubility tends to improve by (i) a decrease
in g, (ii) an increase in g,, and (iii) a decrease in Ag. The
results for this and other cases are summarized in Table
II. The mean solvent parameter g is seen to be the only
one that shows a consistent effect on solubility under all
circumstances; however, it should be kept in mind that its
effect can be overshadowed by changes in other interac-
tions.

Interpreting condition 33b in terms of temperature
changes for a particular system requires replacing the
variations of g’s by their temperature derivatives. If such
a modified condition is satisfied, the solubility will improve
by a decrease in temperature. If, on the other hand, the
inequality does not hold, the solvent power should increase
as the temperature is raised. For instance, for the com-
monly assumed form g = a + 3/7T, the solubility increases
with growing temperature if

B> [(1-8%8, +29A8]/4 (34)

In conclusion it is noted that the term “solvent power”
used in this section should be understood strictly locally
for the immediate neighborhood of the HODCP. It is
realized that in ternary and higher systems the solubility
(judged by the extent of two-phase regions) may simul-
taneously improve in one composition region while dete-
riorating in another.

4.4. Orientation of Spinodals at HODCP’s. Often
it is desirable to have some knowledge about the direction
of the spinodal at the critical point. Normally its slope
can be obtained as a limit of tie-line slopes;® with £ of eq
5 the formal result for a HODCP residing on segment 0
is

[den/der]. = wapg/ (wipy) (35)

For other instances the signs of p’s are modified as usual
(cf. Table I). However, in the case of HODCP’s the in-
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terpretation of this formula calls for closer attention. For
the elliptic type the spinodal has degenerated to an in-
finitesimal size, and the slope of eq 35 can be viewed only
as the limit of critical spinodal directions as the closed-loop
curves shrink in size to become a HODCP. In other words,
it defines a direction conjugate to the limiting diameter
connecting the pairs of critical points on the opposite sides
of incipient spinodal loops.

While in the hyperbolic case the above interpretation
is still in principle valid, one would much rather have the
directions of the two asymptotes into which the spinodals
degenerate at a HODCP. These can be evaluated from the
solved quadratic spinodal equation (8); after some sim-
plification one gets

(deo/der)es = [-2U £ (2D")1/2] /(4A,) (36)

where D" is given by eq 17. For the case 0, U and the limit
of A of eq 8 take the form

U = p1po(§2 - gt + 2(1 + p))(1 + py) (37)

Ay = 11)1_1310 A= p1po[Ya(82 - 1) = (8 + Dpslg,t + (1 + py)?
D=0
(38)

where, as before (eq 33a), § specifies the reciprocal slope
of the radius vector in vertex-related coordinates g,',Ag",
also fixing w,. The other two cases follow by switching
signs of p,, as instructed in Table I ’

Formula 36 indicates that the two asymptotes overlap
only if D” = 0, i.e., at the boundaries between elliptic and
hyperbolic regions. This is understandable: the transition
from a hyperbolic pattern with convex shapes relative to
its center to an elliptic pattern with concave curvature has
to go through a linear degenerate state where both curves
(and the hyperbola’s asymptotes) flatten to a single line.
The orientation of this line, however, as well as the spi-
nodal and stability patterns, is very different for the two
instances where this situation can occur:

(i) The behavior is “normal” in vertex systems which are
embedded in stable regions. Thanks to the condition g,
= 0, eq 36 is simplified; e.g., for the case 0 one gets

(dea/der)ss’ = =(1 + p) /(1 + py) (39)

which is recognized as the slope of the solvent segment 0.
Thus the double spinodal asymptote overlaps with the
corresponding linear segment, in conformity with conclu-
sions of Section 4.1., and a small perturbation up or down
in the g,,Ag plane generates the simplest posible hyperbolic
or elliptic two-phase patterns, aligned with the critical line
stretching between the two binary critical points (see
Figure 12). The stability situation here is trivial; e.g., the
inside phase of the loop-shaped spinodals in Figure 12b
is unstable while the outside phase is (meta)stable.

(ii) D’ also equals zero at the hyperbolic boundaries s
separating the elliptic and hyperbolic HODCP regions in
the upper sectors of Figures 5-7, hence all such systems
will again have the two asymptotes merged into one. Here,
however, the double asymptote is no longer aligned with
the segment but, from eq 19b and 36-38, its slope is

(dey/der)e = (1-6) /(1 + 8) (40)

Its direction varies continuously with changing w, between
those of the adjacent triangle sides; e.g., for a HODCP
located on segment 0, with w, varying from 0 to w,® to 1,
§ changes from +1 to 0 to -1, the slope goes from 0 to +1
to «, and the direction rotates from that of the 0-1 side
to a vertical to that of the 0-2 side. Also the appearance
of spinodals is very different from case (i). With D, D/,
and D" all equal to zero but D"’ # 0, the spinodal dis-
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Figure 12. Deformation of hyperbolic and elliptic spinodals into
aline ry = 2, ry = 5, case-0 systems approaching the vertex. (=m)
Linear spinodal for the vertex system (Ag = —0.410). (a) Spinodal
asymptotes for three systems with hyperbolic HODCP’s fixed at
w, = 0.5; from outside in, Ag values are —0.450, —0.430, and —0.412.
(b) Spinodals for three slightly perturbed elliptic-HODCP systems
with wy = 0.5; from inside out, Ag is —0.380, —0.396, —0.408, and
the perturbations 6 of the HODCP values are 0.5%, 0.7%, and
1%, respectively.

criminant D versus ¢, plot exhibits a point of inflexion with
a horizontal slope, making the spinodal real only on one
side of the HODCP. Consequently, the spinodal has to
form a cusp just touching on the corresponding linear
segment. The direction of approach can be decided from
the sign of the discriminant’s third composition derivative
given for the case 0 and 2 by

D"’ = —-48p,*p,°[ YAg + (X + 1)g,)%(g; - Ag) /&' (41)

(The sign switches to positive for the case 1 because of the
pg term.) Since D"’/ < 0 (D"’ > 0) for case 0 and 2 (case
1), the discriminant is a descending (ascending) function
of ¢,. This information, combined with the limited interval
of asymptote orientations allowed by eq 40, leads to the
conclusion that the spinodal cusps have to touch the tri-
angle of linear segments 0, 1, and 2 from the outside (while
it is recalled that the critical-line cusp touches it from
inside as shown in Figure 3, segment 0). The nature of
this puzzling structure can be clarified by inspecting the
spinodal surface for three systems around the boundary
s. The sketches shown in Figure 13 are based in part on
analytical results given above, in part on numerical com-
putations; they are plotted onto the composition base with
g as the vertical.

(a) Formula 32 for the curvature of the critical line is
not affected by stability considerations; thus even in the
unstable region beyond the boundary s an elliptic HODCP
appears as a minimum FE of the critical line g(w,) (and of
the spinodal surface) for the respective system, with an-
other established spinodal “ridge” somewhere in the
neighborhood (Figure 13a). Note, however, that the sta-
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Figure 13. Schematic drawing of the spinodal surface g(ws,e)
for three HODCP systems in the neighborhood of the boundary
s. E, Unstable elliptic HODCP; H, (meta)stable hyperbolic
HODCP; L, heterogeneous double critical point; (-) critical line
Z(w,); bold line, spinodal corresponding to the HODCP tem-
perature; shaded inside areas, (meta)stable phase; outside areas,
unstable phase. The system is located (a) beyond the s boundary;
(b) on the s boundary; and (¢) in front of the s boundary.

bilities of regions are switched: Normally (Figures 1 and
12b) the system is (meta)stable ouside the loops and
unstable inside. In Figure 13a, on the other hand, the
situation is reversed, and the critical points turn out to be
unstable in Korteweg’s sense.! Not surprisingly, the inside
of the “ridge” is found to be (meta)stable just as the inside
of the loops was.

(b) As the system’s representative point in the g,,Ag
space approaches the boundary s, the minimum surface
is descending toward the “ridge” and both surfaces are
becoming deformed. For a boundary system, the two
surfaces form a contact which has essentially one-dimen-
sional structure: The bottom spinodals of the minimum
surface become infinitely asymmetric as they shrink to zero
size, and their counterparts on the “ridge” are deformed
into a cusp (Figure 13b). And, clearly, it is the direction
of this aligned structure that is defined by eq 40. The
opposite approaches of spinodal and critical line to the
HODCP are seen to be the result of each curve originating
in a different surface: the former one is part of the es-
tablished “ridge”, while the latter one is embedded in the
minimum surface.

(c) For a system in front of the boundary s, the mini-
mum spinodal surface has penetrated into the “ridge”,
forming a saddle point harboring the hyperbolic HODCP
(Figure 13c). Three types of spinodals exist here:
Closed-loop isotherms present at higher g become pointed
and move to main spinodals as 7 is decreased. At the
HODCP both portions join, forming a hyperbolic-asymp-
tote pattern with two of its branches connected by a loop
(bold in the sketch). Further drop in g swells the point-size
neck into a bottleneck and, eventually, the residue of the
original closed-loop spinodals is absorbed in the main-
spinodal surface. The critical line, first only on the min-
imum surface (Figures 13a,b), now also crosses the saddle
and forms two minima L (only one is visible) that have
been shown to be heterogeneous double critical points. As
always, they separate unstable critical points (left of L in
Figure 13c) from (meta)stable critical points (right of L).
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Ad=0

A,=10"
Figure 14. Three spinodal isotherms computed for the system
ry = 2, ry = 5, case 0, with a hyperbolic HODCP similar to that
of Figure 13c. Curves would normally overlap; here they are
shifted for better clarity. Arrow d indicates the double-asymptote
direction dey/de, = 1.948 of eq 40; (@) HODCP; (O) single critical
points. Z values are (a) bottleneck 1.824599, (b) HODCP
1.824 6002, and (c) closed loop 1.824602.

In this context it becomes apparent why the s-boundary
systems have to also satisfy the criterion for heterogeneous
double critical points: they represent the limiting case
where the two minima L have just merged with the
HODCP (saddle point).

The above outline is documented by a drawn-to-scale
plot of three spinodals computed for an off-boundary
system with a hyperbolic HODCP (Figure 14). The curves
correspond to slices of the surface of Figure 13c taken at
progressively higher values of g at constant g, = 2.10895
and Ag = -1.0772. The orientation of spinodals is very
close to the unique direction d predicted for the double
asymptote at the HODCP for a boundary system.

5. Conclusions

Recently developed novel analysis of ternary systems has
led to a host of new quantitative relations for homogeneous
double critical points (HODCP’s). Their position in the
triangle of composition is restricted to three linear seg-
ments linking the three binary critical points (cf. Figure
3) and can thus serve as a means of distinction. The
advantage of such classification into three groups (with
labels 0, 1, and 2 specifying the triangle apex which is
spanned by the segment) is that complicated general ex-
pressions become greatly simplified when applied specif-
ically to a group of HODCP’s residing on a particular
segment.

A global diagram of all HODCP’s that can exist on a
given segment for a given set of chain lengths r,, is best
plotted in the space of “heterointeraction” parameters g,
and Ag that express deviations of the examined system
from the reference quasi-binary system (where g, = Ag =
0). It appears that at a HODCP these interactions cannot
be arbitrary; rather their permitted values are limited to
a double-sector-shaped area that fans across a 90° (or 45°)
interval of the g,,Ag space, with the vertex position de-
pending on chain lengths r; and r, (cf. Figures 5-7). The
pair of coordinates g, and Ag are the only variables free
to choose; all other quantities (mixed-polymer composition
w,, total polymer volume fraction ¢, and the mean poly-
mer-solvent interaction parameter ) are fixed by the
HODCP conditions.

Sector vertices represent very special situations: e.g.,
in the vertex-0 system the effect of difference in chain
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lengths r; and r; on the critical temperature T is just
compensated by interactions g, and Ag so as to make T
independent of the composition w, of the mixture of
polymers 1 and 2. The critical line T(w,) of such systems
is horizontal, running linearly between the respective bi-
nary critical points.

Distinction between the elliptic and hyperbolic
HODCP’s, marking the disappearance of closed-loop
spinodals (Figure 1) and the confluence of two regular
spinodal regions into a single one (Figure 2), respectively,
can be made from the sign of the second composition
derivative of the discriminant of the spinodal quadratic
equation, Qualitatively, the result is the same for all three
groups of HODCP’s. Lower definition sectors in the g,,Ag
space contain exclusively elliptic types, while the upper
sectors are split between hyperbolic (region adjacent to the
vertex) and elliptic HODCP’s (beyond the # = 0 bound-
ary), with the latter points being thermodynamically
unstable. Hence, in addition to ¢, w,, and g, also the type
of a HODCP and its stability are uniquely determined by
the interactions g, and Ag.

Wherever the elliptic region meets the hyperbolic one,
both types of spinodals degenerate in the neighborhood
of the HODCP into essentially 1-D structures with a
specific direction. This situation arises in two instances:
(1) For systems around the vertex where the deformed
spinodals become aligned with the linear segment con-
necting the two binary critical points (Figure 12). (2) At
the hyperbola-shaped # = 0 boundary in the upper sector
where the spinodal develops a cusp, eventually leading to
some exotic shapes as it exudes a “droplet”, forms a
bottleneck, etc. (cf. Figures 13 and 14), with the orientation
being a function of polymer mixture composition ws.

In the space of three interaction parameters g, Ag, and
g, the locus of each group of HODCP’s is a section of a
deformed double-cone surface (Figures 8 and 10). In a way,
the sections are complementary: when plotted in relative,
vertex-related coordinates they produce a smooth double
half-cone. The development of spinodals around the stable
region of this surface follows an intuitive expectation: an
“upward” perturbation pointing above the surface (toward
higher values of ) deteriorates the solvent power, bringing
forth the pattern -1 of Figure 2 for hyperbolic HODCP’s
and closed-loop curves for elliptic ones (1, 2, and 3 in
Figure 1). Opposite behavior, i.e., an improvement in
solubility, is observed for a “downward” displacement
taking the system’s representative point below the surface.

Three ranges of existence for the three groups of
HODCP’s partly overlap in the positive-g, area. If the
system's trajectory in the space of interaction parameters
lies nearby, there is a good chance that the system will
show two or more HODCP’s located on different segments
at different temperatures. Actually, the three surfaces
intersect, forming three lines of intersection, and one point
of intersection common to all three of them (Figure 9).
Corresponding systems possess two or three HODCP’s of
hyperbolic type occurring simultaneously at one temper-
ature; in the very special latter case the spinodals degen-
erate into three lines parallel to the sides of the compo-
sition triangle (cf. Figure 11).
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ABSTRACT: The translational diffusion of large stearic acid coated silica spheres (Ry = 1595 A) and high
molecular weight polystyrene (PS) fractions in poly(methyl methacrylate) (PMMA) solutions has been examined
by using dynamic light scattering (QELS) over the dilute/semidilute concentration ranges of the latter polymer.
When the PMMA concentration is normalized by the overlap concentration, C*, the reduced diffusion coefficient
(D/Dy) for the sphere is a universal function of Cpypa. A similar observation applies to the data for the PS
fractions. This is in accord with scaling predictions. The product Dg;o,n is a constant, independent of both
Crmma and Mpypva, where 7 is the macroscopic solution viscosity of the medium. Thus the Stokes-Einstein
equation applies. In contrast Dpgn is an increasing function of Cpyma and this trend is more pronounced
at higher Mpynya. Although the Stokes-Einstein mechanism is assumed to also apply with linear probe chains,
it is concluded that there may be a significant coupling of the dynamics of the probe chain and those of the

network polymer.

Introduction

Recently, considerable attention has been focused on the
single-chain diffusion of a linear polymer in a matrix of
a second polymer at semidilute concentrations. One ap-
proach has been to use dynamic light scattering (QELS)
from isorefractive ternary solutions: the host polymer is
index matched!'® to a simple solvent and the probe
polymer (at very low concentration and having good optical
contrast) studied as a function of molecular weight and
matrix polymer concentration. This is the so-called
“optical-labeling” technique where it is assumed® that
QELS monitors self-diffusion at a low but finite concen-
tration of the test chain. (It will differ from the more
strictly considered self-diffusion coefficient of a spin-la-
beled individual in a sea of otherwise identical chains as
determined, for example, in pulsed field gradient NMR,
to the extent that there may be significant chemical and
size differences between probe and host chains.)

Recent examples of the optical-labeling approach include
use of polystyrenes (PS) as the probe chain in transient
networks of poly(methyl methacrylate) (PMMA),2311.12
index matched with toluene or benzene, or poly(vinyl
methyl ether) (PVME) in toluene®” or o-fluorotoluene. "1
Chu and co-workers'? have ingeniously included a second
simple solvent so that the contrast can be also varied to
match either the PS or PMMA.

For a recent discussion of such investigations one may
refer to the paper of Numasawa et al.!! From the accu-
mulated data in the above studies, it is apparent that
translational diffusion of a linear probe chain in the net-
work of the second chain may proceed by two main pro-
cesses.

1. Stokes-Einstein (S-E) diffusion which is governed
by the macroscopic viscosity (n) of the host solution and
the hydrodynamic radius (Ry) of the probe chain is given
according to

0024-9297/88/2221-0840%01.50/0

D, = kT /673Ry (1)

Due to hydrodynamic screening effects, this process may
become independent of the molecular weight of the guest
chain and also exhibit extreme dependence on the con-
centration of the host polymer.

2. Reptation is the process whereby the probe chain
diffuses along a fictive tube formed by the topological
constraints of the surrounding chains. In a good solvent,
this model leads to the scaling prediction:!*

D, ~ M2C17 @)

Thus D, should be strongly dependent on the chain length
(guest polymer) and also the concentration (C) of the
matrix polymer. D, may also become independent of the
molecular weight of the matrix polymer, however. Recent
discussions have centered on modifying effects (the
“noodle” effect!® and constraint release!®'?) which model
contributions from surrounding chains, and these lead to
modifications in the scaling expression. ‘

Although the above remarks center on the results ob-
tained in ternary systems, we note the possible presence
in binary systems of translational motion motion in sem-
idilute solutions.?*2* Thus even in good solvents the
photocount autocorrelation function may be bimodal®4243
(gel mode accompanied by translation). As the solvent
quality is reduced, toward O conditions an additional very
slow mode becomes evident in the CONTIN inversion of
the time correlation function and this may be attributed
to a structural relaxation and/or motions of clusters of
chains.*"¥7 In the ternary systems the main processes (1
and 2 above) play different relative roles depending on the
concentration of the matrix polymer as well as the relative
sizes of host and matrix chains. S-E diffusion apparently
extends throughout much of the usually defined semidilute
region®® 1148 up to the point where extensive interpene-
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